In this paper, we first present the relation between a transversal in a Latin square with some concepts in its Latin square graph, and give an equivalent condition for a Latin square has an orthogonal mate. The most famous open problem involving Combinatorics is to find maximum number of disjoint transversals in a Latin square. So finding some family of decomposible Latin squares into disjoint transversals is our next aim. In the next section, we give an equivalent statement of a conjecture which has been attributed to Brualdi, Stein and Ryser by the concept of quasi-transversal. Finally, we prove the truth of the Rodney's conjecture for a family of graphs.
Introduction
All graphs considered here are finite, undirected and simple. For standard graph theory terminology not given here we refer to [21] . Let G = (V, E) be a graph with vertex set V and edge set E. The open neighborhood and the closed neighborhood of a vertex v ∈ V are N G (v) = {u ∈ V | uv ∈ E} and N G [v] = N G (v) ∪ {v}, respectively. The degree of a vertex v is also deg G (v) =| N G (v) |. The minimum and maximum degree of G are denoted by δ = δ(G) and ∆ = ∆(G), respectively. A graph G is r-regular if and only if ∆(G) = δ(G) = r.
Latin Square. For any r ≤ n, a n-by-r Latin rectangle is a n-by-r grid, each entry of which is a number from the set [n] = {1, 2, · · · , n} such that no number appears twice in any row or column. An n-by-n Latin rectangle is called a Latin square of order n. If in a Latin square L of order n the 2 cells defined by rows and columns form a Latin square of order , it is a Latin subsquare of L. It is clear that, if we permute in any way the rows, or the columns, or the symbols, of a Latin square, the result is still a Latin square. We say that two Latin squares L and L (using the same symbol set) are isotopic if there is a triple (f, g, h), where f is a row permutation, g a column permutation, and h a symbol permutation, carrying L to L : this means that if the (i, j) entry of L is k, then the (f (i), g(j)) entry of L is h(k). The triple (f, g, h) is called an isotopy.
Let L 1 be a Latin Square of order n with the symbol set A 1 , and let L 2 be a Latin Square of order n with the symbol set A 2 . If there exists a bijection between A 1 and A 2 , then we say that L 1 and L 2 are symbol-isomorphic. If the bijection is σ : A 1 → A 2 , we write L 2 = σ(L 1 ). Assume that a Latin square L of order n can be partitioned to the Latin rectangle L 1 ,· · · , L t of sizes m 1 × n, · · · , m t × n, respectively, such that the first m 1 rows in L is the rows in L 1 , the second m 2 rows in L is the rows in L 2 , and so on. Then we simply write
A pair of Latin squares A = [a i,j ] and B = [b i,j ] of order n are said to be orthogonal mates if the n 2 ordered pairs (a i,j , b i,j ) are distinct. An orthogonal array OA(n, 3) of order n and depth 3 is a 3 by n 2 array with the integers 1 to n as entries, such that for any two rows of the array, the n 2 vertical pairs occurring in these rows are different. Suppose that we have such an array. Call the rows r, c, and s, in any order. For any pair (i, j), there is a k such that r k = i, c k = j. We make a square with entry s k in the i-th row and j-th column (for all i and j). The definition of orthogonal array ensures that this is a Latin square and we can reverse the procedure. Therefore the concepts of Latin square and orthogonal array are equivalent. Figure 1 shows an OA(4, 3) and corresponding Latin squares. A cyclic Latin square is a Latin square that each column is obtained from the previous one by adding the same difference to each element of the previous column. We know that every finite set G of order n with a binary operation defined on G is a semigroup if and only if its operation table is a Latin square of order n. We denote this Latin square by L G .
In contrast to the various constructive procedures for the formation of sets of mutually orthogonal Latin squares, several conditions that a given Latin square (or set of squares) be not extendible to a larger set of orthogonal Latin squares are known. In particular L. Euler [6] , E. Maillet [13] , H. B. Mann [14] and E. T. Parker [15] and [16] have all given such conditions. The results of Euler and Maillet concern Latin squares of a particular kind which the latter author has called q-step type. A Latin square of order mq is said to be of q-step type if it can be represented by a matrix of q × q blocks A ij as follows:
where each block A ij is a Latin subsquare of order q and two blocks A ij and A i j contain the same symbols if and only if i + j ≡ i + j (mod m). Remark 1. Every cyclic Latin square is a Latin square of 1-step type.
A transversal in a Latin square of order n is a set of entries which includes exactly one entry from each row and column and one of each symbol. The maximum number of disjoint transversals in a Latin square L is called its transversal number and denoted by τ (L). Similarly, a transversal in a n-by-r Latin rectangle is a set of entries which includes exactly one entry from each row, and at most one entry from each column and at most one of each symbol. For any transversal T in
If τ (L) = n, then we say it has a decomposition into disjoint transversals. In [20] Wanless, Church and Aldates in a natural way, generalized the concept of transversal to k-transversal as following: For any positive integer k, a k-transversal or k-plex in a Latin square of order n is a set of nk cells, k from each row, k from each column, in which every symbol occurs exactly k times. The maximum number of disjoint k-transversals in a Latin square L is called its k-transversal number and denoted by τ k (L). Obviously τ k (L) ≤ n/k. If τ k (L) = n/k, then we say it has a decomposition into disjoint k-transversals. Obviously, the next remark is true.
Remark 2. The complement of a k-transversal in a Latin square of order n is a (n − k)-tarnsversal in the Latin square.
A partial transversal of length k is a set of k entries, each selected from different rows and columns of a Latin square such that no two entries contain the same symbol. A partial transversal is completable if it is a subset of some transversal, whereas it is non-extendible if it is not contained in any partial transversal of greater length. Since not all squares of order n have a partial transversal of length n (i.e. a transversal), the best we can hope for is to find one of length n − 1. Such partial transversals are called near-transversals. 
is a 3(n−1)-regular graph, and any two different vertices (i, j) and (i, q) have n neighbors in-common, n − 2 vertices in the row i and two vertices in the columns j and q. Similarly, any two different vertices (i, j) and (p, j) have n neighbors in-common. By the corresponding between a Latin square with an unique orthogonal array, it can be easily seen that any two different vertices (i, j) and (p, q) with i,j = p,q have also n neighbors in-common.
A proper coloring of a graph G is a function from the vertices of the graph to a set of colors such that any two adjacent vertices have different colors, and the chromatic number χ(G) of G is the minimum number of colors needed in a proper coloring of a graph [21] . In a proper coloring of a graph a color class is the independent set of all same colored vertices of the graph. If f is a proper coloring of G with the color classes V 1 , V 2 , ..., V such that every vertex in V i has color i,
Domination in graphs is now well studied in graph theory and the literature on this subject has been surveyed and detailed in the two books by Haynes, Hedetniemi and Slater [9, 10] .
Let k be a positive integer.
The 1-domination and 1-domatic numbers are known as domination number and domatic number and denoted by γ(G) and d(G), respectively.
The k-domination number was first studied by Fink and Jacobson [7, 8] , and Cockayne and Hedetniemi [3] introduced the concept of the domatic number of a graph. For more information on the domatic number and their variants, we refer the reader to the survey article by Zelinka [22] .
For positive integers k and , a k-dominating set S of a graph G is called a ( , k)-independent dominating set, or briefly ( , k)-IDS, of G if the subgraph induced by S is a -independent set, that is, the maximum degree in the subgraph induced by S is at most − 1. The ( , k)-independent domination number (resp. the -independence number) of G denoted by i ,k (resp. β ) is the cardinality of the smallest ( , k)-IDS (resp. largest independent set) in G. Similarly, the concept of ( , k)-independent domatic number d ( ,k) (G) of a graph G can be defined.
The following theorem provides a lower bound for the k-domination number of a graph in terms of the order and the maximum degree of the graph.
.
As an immediately consequence of Theorem 1, we find the following proposition for Latin square graphs.
Transversals
Every transversal in a Latin square L gives a (1,3)-independent-dominating set of L 3 (L, n) with cardinality n. Next theorem presents a sufficient condition to guarantee its converse. Theorem 2. Let S be a subset of the vertex set of the Latin square graph L 3 (L, n) of a Latin square L = ( i,j ) of order n, and let S = { ij | (i, j) ∈ S}. Then the following statements are equivalent.
i. S is a 3-dominating set of L 3 (L, n) with cardinality n.
ii. S is a (1, 3)-independent dominating set of L 3 (L, n) with cardinality n.
iii. S is a transversal in L.
Proof. Obviously it is sufficient to prove that i implies iii. For this aim, let S be a 3-dominating set of L 3 (L, n) with cardinality n. Since for any vertex (i, j),
we conclude that for any 1 ≤ i, j ≤ n,
Also, we see that |S ∩ N ((i, j))| = 3 for any vertex (i, j) / ∈ S. Without loss of generality, we may assume that 1j = j, for 1 ≤ j ≤ n and |S ∩ ({1} ×
Theorem 2 states that the maximum number of disjoint transversals in a Latin square is equivalent to the maximum number of disjoint (1, 3)-independent dominating sets of cardinality n in its Latin square graph, when the 3-domination number of the graph is n. So we have the following theorem.
Since for any graph G of order n, we have
from [11] , we may conclude the next result. By two theorems from [12] and [19] , the next theorem is obtained:
For any Latin square L of order n, the following statements are equivalent.
So, the next theorem can be obtained by Theorems 4 and 5.
Theorem 6. Let L be a Latin square of order n. Then the following statements are equivalent.
We know from [19] that for any group G of order n, τ (L G ) ≥ 1 implies that τ (L G ) = n. Now since the diagonal of the table of an abelian group G of odd order n is a transversal, hence τ (L G ) = n. Also, we know that every Latin square of even order has an even number of transversals [2] , and for any group G of order 2n which has an unique element of order 2, τ (L G ) = 0 [6] . The next theorem states that every 2-step type Latin square of order 2 n ≥ 4 has a decomposition into disjoint transversals. Proof. Our proof is presented by induction on n ≥ 2. For n = 2, Figure 2 shows the only 2-step type Latin square (up to isomorphism) of order 4, and its four transversals. So, we assume that L is a 2-step type Latin square of order 2 n+1 > 4, and every 2-step type Latin square of order 2 n has 2 n disjoint transversals. We will prove τ (L) = 2 n+1 . Since L is also a 2 n -step type Latin square, it can be represented by a matrix of 2 n × 2 n blocks A ij as follows
where A 11 = A 22 is a 2-step type Latin square on the symbol set [n] = {1, 2, · · · , 2 n }, and A 12 = A 21 is a 2-step type Latin square on the symbol set 2 n + [n] = {2 n + i | i ∈ [n]}, and the (i, j)-entry in A 12 is the sum of the (i, j)-entry in A 11 and 2
n . In fact, for the bijection
where A ij , A ij are 2 n−1 -by-2 n Latin rectangles. Now let T be a transversal in A := A 11 = A 22 . T 11 and T 22 are the name of T in A 11 and A 22 , respectively. Let T 11 = (T 11 , T 11 ) and T 22 = (T 22 , T 22 ), where T ii = T ii ∩ A ii and T ii = T ii ∩ A ii . Then (σ(T 11 ), σ(T 11 )) is a transversal in A 12 = A 21 . Let T 12 and T 21 be the name of (σ(T 11 ), σ(T 11 )) in A 12 and A 21 , respectively. Since
are two disjoint transversals in L, and τ (A) = 2 n , we obtain τ (L) = 2 n+1 . See Figures 3, 4 and 5 for example. 
Quasi-transversals
Using proven theorems about transversals of Latin squares, there are many Latin squares which have no transversal, but they have a set of entries of order n + 1 which includes exactly two entry from one row (and one column) and exactly one entry from each other row (and column) and also all symbols in the set except one occure one time. This guides our to the next definition. A quasi-transversal in a Latin square of order n is a set of entries of order n + 1 which includes exactly two entry from one row (and one column) and one entry from each other row (and column) and all symbols in the set, except one, occure one time. The maximum number of disjoint quasi-transversals in a Latin square L is called its quasi-transversal number and denoted by τ qua (L).
It is obviouse that for any a Latin square
. Next proposition states when a quasi-transversal in a Latin square is a 3-dominating set in its Latin square graph. Proposition 2. Every quasi-transversal in a Latin square of order n ≥ 3 is corresponded with a 3-dominating set of order n + 1 in its Latin square graph.
Proof. For n = 3, there is only one isotopy class of Latin squares of order 3, and it has a quasi-transversal (see Figure 6 ). So, let n ≥ 4. It is clear that every quasi-transversal in a Latin square of order n ≥ 3 is a 3-dominating set of order n + 1 in its Latin square graph. Let T be a 3DS in L 3 (L, n) of cardinality n + 1 ≥ 5, and let
be three sets of the cardinalities r i , c i and s i , respectively. Then
and so
We will show that the set T = { ij | (i, j) ∈ T } is a quasi-transversal in L. For this aim, it is sufficient to prove r i = 0 for any 1 ≤ i ≤ n, by the concept of orthogonal mate. Let I = {i | r i = 0} be a set of cardinality ≥ 1. Without loss of generality, assume that |{i | c i = 0}| ≥ and |{i | s i = 0}| ≥ . Let J = {i | c i = 0}. This implies that if α ij is the symbol in the intersection of the i-th row and the j-th column for i ∈ I and j ∈ J, then s αij ≥ 3. Let K = {t | α ij ∈ T and α ij lies in t-th column, for i ∈ I, j ∈ J}. Trivally, |K| ≥ . So, if
which implies = 1. So, without loss of generality, consider r 1 = c 1 = s α1 = 0, for some
). This gives that r i ≤ 2 for each i. Since at least three vertices from T is needed to 3-tuple dominating of the vertex (α 1 , 1), the condition r 1 = c 1 = s α1 = 0 implies that r α1 ≥ 3, a contradiction. Therefore T is a quasi-transversal in L with cardinality n + 1.
The next theorem is presented a family of Latin squares of order n which has no transversal but has a quasi-transversal, which implies that the 3-domination number of its Latin square graph is n + 1. First we recall a theorem from [20] . Theorem 8. [20] Suppose that q and k are odd integers and m is even. No q-step type Latin square of order mq possesses a k-transversal.
Theorem 9. For any q-step type Latin square L of even order n = mq where the q × q sublatin squares are cyclic, m is even and q is odd, γ 3 (L 3 (L, n)) = n + 1.
Proof. Since γ 3 (L 3 (L, n)) ≥ n + 1, by Theorems 2 and 8, it is sufficient to prove γ 3 (L 3 (L, n)) ≤ n + 1.
Case 1. q = 1. Since the set
Case 2. q = 1. Since the set
is a 3DS of L 3 (L, n) of the cardinality n + 1, we obtain γ 3 (L 3 (L, n)) = n + 1. For example, Figure  7 shows a 9-step Latin square of order 36 and a quasi-transversal. 
. Proof. By Remark 1 and Theorem 9, γ 3 (L 3 (L G , n)) = n + 1. Now define Figure 8 shows that 9 disjoint 3DSs of a cyclic Latin squares of order 10. As a consequence of Theorems 2, 8 and 9, the next result presents a family of Latin squares which has no transversal but has a quasi-transversal.
Corollary 3. Any q-step type Latin square L of even order n = mq where the q × q sublatin squares are cyclic, m is even and q is odd, has no transversal but has a quasi-transversal.
Corollary 3 implies that for even n the Cayley table of the addition groups Z n , which is an 1-step Latin square, has a quasi-transversal while it has no transversal.
The following observation states the relationship between transversals, quasi-transversals and near-transversals in a Latin square. Observation 1. Let L be a Latin square oforder n ≥ 3. Then i. every transversal in L is contined in the quasi-transversal which is obtained by adding one symbol to the transversal, ii. every quasi-transversal in L contains the near-transversal which is obtained by deleting the repeated symbol in the quasi-transversal, iii. every near-transversal in L is contained in the quasi-transversal which is obtained by adding the missing symbol two times, one time in the empty row and one time in the empty column, iv. every quasi-transversal in L contains a transversal if and only if the near-transversal is obtained from it is completable.
The following conjecture has been attributed to Brualdi (see [4] , p.103) and Stein [18] and, in [5] , to Ryser. For generalisations of it, in terms of hypergraphs, see [1] . Conjecture 1. Every Latin square has a near-transversal.
By considering Observation 1, the conjecture 1 is equivalent to the following our conjecture. Here, we prove the truth of the Rodney's conjecture for a family of Latin squres.
Theorem 10. Every q-step type Latin square L of even order n = mq, where the q × q sublatin squares are cyclic, m is even and q is odd, has a 2-transversal.
Proof. Case 1. q = 1. The set 
